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Entanglement is central to our understanding of many-body quantum matter. In particular, the
entanglement spectrum, as eigenvalues of the reduced density matrix of a subsystem, provides a
unique footprint of properties of strongly correlated quantum matter from detection of topological
order to characterisation of quantum critical systems. However, direct experimental measurement
of the entanglement spectrum has so far remained elusive due to lack of direct experimental probes.
Here we show that the entanglement spectrum of the ground state of a broad class of Hamiltonians
becomes directly accessible as quantum simulation and spectroscopy of an entanglement Hamil-
tonian, building on the Bisognano-Wichmann (BW) theorem of axiomatic quantum field theory.
Remarkably, this theorem gives an explicit physical construction of the entanglement Hamiltonian,
identified as Hamiltonian of the many-body system of interest with spatially varying couplings.
Building on this, we propose an immediate, scalable recipe for implementation of the entanglement
Hamiltonian, and measurement of the corresponding entanglement spectrum as spectroscopy of the
Bisognano-Wichmann Hamiltonian with synthetic quantum systems, including atoms in optical lat-
tices and trapped ions. We illustrate and benchmark this scenario on a variety of models, spanning
phenomena as diverse as conformal field theories, topological order, and quantum phase transitions.
Entanglement describes genuinely quantum, non-local
correlations between different parts of a physical sys-
tem1,2. For a system prepared in a pure quantum
state |Ψ〉, entanglement properties are encoded in the
reduced density matrix for a subsystem A, defined by
ρA = TrB |Ψ〉〈Ψ|, which we write as
ρA = e
−H˜A =
∑
α
e−˜α |ϕα〉〈ϕα|. (1)
Here {˜α} is a set of eigenvalues, known as entangle-
ment spectrum (ES)3,4, and H˜A defines an entanglement
(or modular) Hamiltonian (EH)3,5,6. The ES plays a
paradigmatic role at the interface of entanglement theory
and many-body physics7, with applications encompass-
ing the characterisation of topological order3,6,8,9 to the
detection of criticality, quantum phase transitions and
spontaneous symmetry breaking4,10–14, and the under-
standing of the efficiency of variational methods based
on the tensor network paradigm4,15. However, these the-
oretical insights are at present lacking an experimental
counterpart, as the ES has never been experimentally
measured due to the lack of probing tools. While the ES
could be, at least in principle, measured by full quantum
state tomography of ρA, this is exponentially inefficient
with system size. Here, we propose to shift the paradigm
of measuring entanglement properties, from a probing of
the wave function (see e.g. Ref. 16 and 17), to a direct
and efficient quantum simulation and spectroscopy of the
corresponding EH. The challenge is, therefore, to develop
techniques, accessible in present experiments, which pro-
vide a direct realisation of the EH. Below we address this
problem, building on the Bisognano-Wichmann (BW)
theorem18–20 of axiomatic quantum field theory, in the
framework of many-body quantum systems.
The BW theorem provides a closed form expression for
the EH H˜A for Lorentz invariant quantum field theories.
This theorem states that, given a system with Hamilto-
nian density H(~x) and a half-bipartition, that for sim-
plicity we denote as the subspace with x1 > 0, the EH of
the ground state of H reads
H˜A = 2pi
∫
~x∈A
d~x(x1H(~x)) + c
′, (2)
with c′ a constant to guarantee unit trace of the reduced
density matrix. The BW construction holds in any di-
mensions, and in particular provides a simple explicit
form for the EH, which – as the original physical Hamil-
tonian – is built from just local few body terms and in-
teractions. A key feature of this result is that its ap-
plicability does not rely on any knowledge of the ground
state, and thus can be applied in both gapped and gapless
quantum systems, and also at quantum critical points.
Moreover, Eq. (2) has a clear-cut physical interpretation
in terms of entanglement temperature21: if we interpret
ρA as thermal state, this corresponds to a state of the
original Hamiltonian H with respect to a locally varying
temperature, very large close to the boundary of A, and
linearly decreasing far from it. This interpretation has
been used, e.g., in the context of Hawking radiation and
the Unruh effect 22. Moreover, the BW theorem has been
extended to different geometries21 as well as to real-time
dynamics in the presence of additional global symme-
tries23, and may also incorporate gauge symmetries24,25.
While the BW theorem applies strictly speaking only
to the ideal scenario of infinite system size and in the
continuum, in order to establish connection to condensed
matter systems and atomic physics experiments, we will
cast it on finite lattice models. Below, we show how this
approach is remarkably accurate for many paradigmatic
cases in strongly correlated systems, including confor-
mal phases of both spin and fermionic systems, topolog-
ical phases in one- and two-dimensions, and is able to
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FIG. 1. Entanglement spectra via spectroscopy. (a) We are
interested in the entanglement properties of the ground state
of a given Hamiltonian H and bipartition A. The correspond-
ing entanglement Hamiltonian is given by Eq. (2), which on a
lattice can be recast as couplings with increasing magnitude
as a function of the distance from the boundary. (b) Illus-
tration of the accuracy of the lattice Bisognano-Wichmann
(BW) prediction for the Spin 1 XXZ chain in the Haldane
phase. The dimensionless ratios κα are represented as a func-
tion of the eigenvalue index α, with α0 = 4. Dashed lines
represent the level of reference for the corresponding eigen-
values λ˜. Left panel: For a system size L′ = 8, L = 100, and
∆ = 0.3, the prediction of BW is excellent despite the small
size of the bipartition. Right panel: For ∆ = 1, L′ = 40 and
L = 80 (PBC), the BW perfectly predicts the characteristics
degeneracies of the Haldane phase. (c) Spectroscopy of the
EH for the parameters of panel (b, left). This is realised by
applying a perturbation h = a sin(νt)Sγ1 and measuring the
response 〈Sγ1 (t)〉 for γ = z, x, respectively in blue and orange.
In the left (right) panel, the system is initialised in the ground
(first excited) state. Here a = 0.02J and Jtobs = 150. The
vertical dashed lines correspond to the exact values, and the
top label on each line indicates the eigenvalue index α (in red
when the eigenvalue is degenerate).
correctly capture the quantum critical regime of Ising-
type models. In all these cases, and in particular, in the
ones characterized by infinite correlation lengths (and,
as such, potentially more sensitive to finite lattice and
finite size effects), we find that the BW entanglement
spectrum correctly reproduces the exact low-lying en-
tanglement spectrum as long as Lorentz invariance is
approximately realized at low-energies - as a counterex-
ample, we discuss the limitation of this approach for
systems with approximately quadratic dispersion rela-
tions. As a case sample, we illustrate this procedure for
the case of spin-1 Heisenberg chains, with Hamiltonian
HXXZ =
∑∞
n=−∞ JHn,n+1 and Hamiltonian density
7
Hn,n+1 = S
x
nS
x
n+1 + S
y
nS
y
n+1 + ∆S
z
nS
z
n+1, (3)
where Sαn are spin-1 operators at a site n. The lattice
BW Hamiltonian (denoted in the following as H˜A) is
H˜A,XXZ =
∞∑
n=1
J˜n,n+1Hn,n+1 (4)
with spatially varying coupling strengths (c.f. Fig. 1a).
Here J˜n,n+1 = nJ for a half-system bipartition with open
boundary conditions (OBC), and J˜n,n+1 = J(L
′−n)n/L′
for finite partitions of length L′ in the centre of the
system with periodic boundary conditions (PBC). In
Fig. 1b, we present typical results for comparison between
the exact entanglement spectra for the ground state of
HXXZ, and the physical spectrum of H˜A,XXZ. The com-
parison is drawn by focusing on universal ratios of entan-
glement eigenenergies, κα;α0 ≡ (˜α− ˜0)/(˜α0− ˜0), where
˜0 is the lowest entanglement energy in the system (cor-
responding to the largest eigenvalue of ρA), and ˜α0 is a
reference state (if not explicit, we take the first excited
entanglement energy, and define κα = κα;1). Note that
the overall energy scales cancels out in universal ratios.
The agreement is excellent even for very modest system
sizes for eigenvalues λ˜ = e−˜α down to 10−4, and, deep
in the topological phase, the characteristic degeneracy of
the ES is captured with errors smaller than 10−5. Physi-
cally building and preparing a synthetic quantum system
emulating the BW EH, and performing spectroscopy by
probing the system as illustrated in Fig. 1c will thus pro-
vide a direct and efficient measurement of the ES. This
approach allows us to exploit and transfer the accuracy
and flexibility of conventional spectroscopy to the study
of entanglement properties.
ENTANGLEMENT HAMILTONIANS AND THE
BISOGNANO-WICHMANN THEOREM ON A
LATTICE
The main challenges in applying the BW (2) theo-
rem to quantum many-body systems in condensed mat-
ter physics are the requirements of infinite partitions and
Lorentz invariance. To address the latter, we consider
systems on lattices, where Lorentz invariance is often
emerging as an effective low-energy symmetry. This cor-
respondence between lattice models and field theory is at
the basis of many computational techniques to address
continuum problems, such as lattice field theory26. The
lattice not only provides a natural regularisation, but, for
our purposes here, allows us to realise effectively Lorentz
invariant dynamics in non-relativistic scenarios such as
cold gases. This will come at the price of introducing
non-universal effects: as we will show below, those have
negligible influence in the universal properties of the ES,
and, for sufficiently large systems, they affect only very
large eigenenergies.
To be concrete, we recast BW on a finite lattice, and
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FIG. 2. Entanglement Spectra of Heisenberg spin−1/2 chains.
We compare the BW prediction to the exact result for an
OBC partition of L′ = 24 sites (we use L = 48 for the exact
calculation), with anisotropies ∆ = −0.5 (a) and ∆ = 0.9 (b),
finding excellent agreement even for moderate system sizes.
Here, α0 = 1.
for simplicity consider a 1D lattice of length 2L′,
H =
L′−1∑
n=−L′
Hn,n+1, H˜A = β
L′−1∑
n=1
nHn,n+1 + c
′ +Oa,L′
(5)
with β a constant (typically related to the sound velocity
of the corresponding low-energy field theory). The last
term describes corrections due to finite lattice spacing,
and due to the finite size of the sample: these corrections
are akin to the ones found when simulating continuum
field theories on space-time lattices, as done in various
fields including lattice gauge theories26. We note that,
for the case of the Ising model, the above construction
is exact for infinite bipartitions4, i.e. there are no correc-
tions due to the breaking of Lorentz invariance. While
we expect that corrections to the universal properties of
the ES due to Oa,L′ would vanish for sufficiently large
systems, experiments are necessarily carried out at finite
size. In the following, we address in detail the role of
such corrections, by comparing the exact entanglement
spectra with the ones obtained via the spectrum of the
BW entanglement Hamiltonian for a variety of 1D and
2D models, whose concrete physical implementations will
then be discussed in the last section.
Entanglement Hamiltonians of Heisenberg-type mod-
els. - As a first case sample, we discuss the EH for spin-
1/2 and spin-1 XXZ spin chains. For the s = 1/2 case,
the low-energy physics of HXXZ for −1 < ∆ ≤ 1 is well
described by a conformal field theory (CFT) with cen-
tral charge c = 1 (compactified boson)7. In Fig. 2a-b, we
compare the exact spectrum (black line) obtained using
density-matrix-renormalization-group (DMRG) simula-
tions15,27, with the spectroscopy obtained using Eq. (5).
On purpose, we show results with modest partition sizes
of L′ = 24 sites, which are instrumental in view of the
implementations discussed in the last section (for system
sizes of order of 100 lattice sites, the agreement improves
significantly). Down until eigenvalues λ˜ of order 10−6,
the results of the universal ratios are almost undistin-
guishable, with errors at most at the 1% level, despite
the relative small sizes of the bipartitions. Similar results
are obtained throughout the conformal phase, and even
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FIG. 3. Entanglement Spectra of dipolar Ising chains. We
consider an OBC partition of L′ = 20 sites. In panel (a), we
show the entanglement spectrum for ∆ = 0.42J , close to the
critical point (α0 = 2). In panel (b), we represent the entan-
glement gap (aka Schmidt gap), renormalised with respect to
the second excited state, as a function of the transverse field
∆. The transition to the antiferromagnetic phase is shown by
the closure of the entanglement gap.
within the gapped, antiferromagnetic phase at ∆ > 1 in
the parameter regime where the ratio between correlation
length and lattice spacing is of order 10.
For the s = 1 case, the dynamics for 0 < ∆ . 1.2 is
captured by an O(3) non-linear sigma model with topo-
logical angle θ = 07,28. The low-energy theory is Lorentz
invariant, and the spectrum is gapped. The ground state
displays symmetry-protected topological order - the so-
called Haldane phase -, which is strikingly signalled by an
(at least two-fold) degenerate entanglement spectrum8.
In Fig. 1e, we compare the numerically exact ES obtained
via DMRG simulations, and the BW spectrum, also ob-
tained via DMRG by targeting up to 10 states in each
magnetisation sector with |Sz| ≤ 10 for a bipartition of
length L′ = 40. We show results obtained for a biparti-
tion in a periodic system, using the corresponding BW
adaption obtained in Ref.23 for conformal field theories
(the Haldane phase can be though of as a perturbed dou-
ble sine-Gordon model29). In the left panel, we show how
the characteristic degeneracies of the entanglement spec-
trum deep in the topological phase (here, we use α0 = 4
for clarity): for a sufficiently large systems, these de-
generacies are perfectly captured, with deviations of the
same order of the DMRG truncation errors we employed
(10−6). Moreover, close to criticality (right panel), the
spectrum is also extremely well captured, and for bipar-
titions as small as L′ = 8, all eigenvalues with λ˜ < 10−3
are well captured.
Entanglement Hamiltonians of Ising-type models. -
We now turn to models with discrete global Z2 symmetry,
described by Ising-type models:
HIS = J
∑
n<p
1
|n− p|η σ
x
nσ
x
p + ∆
∑
n
σzn, (6)
with antiferromagnetic interactions J > 0 and η > 0.
At large ∆  J , the ground state is a paramagnet with
all spins pointing along the z direction, while at small
∆  J , the system enters an antiferromagnetic phase.
The system undergoes a phase transition between those,
4that for sufficiently large η is described by a c = 1/2
CFT (real fermion)30. This transition is expected to have
clear signatures in the low-lying ES: in particular, the
entanglement gap should be open in the paramagnetic
phase, and closed in the anti-ferromagnetic, symmetry
broken one.
In Fig. 3a, we compare the BW and exact ES in the
anti-ferromagnetic phase for the case of dipolar inter-
actions31,32, η = 3, which are effectively short-ranged
in 1D. Here, the BW Hamiltonian is given by H˜A,IS =
J
∑
n<p
n+p−1
2|n−p|η σ
x
nσ
x
p +∆
∑
n(n− 12 )σzn. Degeneracies are
clear and the agreement is excellent until the 10−7 level.
In Fig. 3b, we plot a scan of the entanglement gap as a
function of ∆/J : again, the agreement is very good even
in the vicinity of the transition point, despite the moder-
ate system sizes used here. In particular, both methods
locate the finite-size transition point (corresponding to
κ1;2 ≈ 0.15). Remarkably, similar results are obtained
for η = 1.5, which displays an intermediate behaviour
between long- and short-range interactions, as discussed
in supplementary material (SM).
Entanglement Hamiltonians for free fermions in one
dimension. In this section, we consider free fermions in
a one dimensional lattice are described by the Hamilto-
nian
Hf = −t
L∑
n=1
(c†ncn+1 + h.c.) (7)
where cn are fermionic annihilation operators at the site
n. This model is ideal to benchmark our strategy as we
can compute the exact (thermodynamic limit) ES based
on the knowledge of the ground state correlation func-
tions33,34. Moreover, the deviations from the linear dis-
persion relation characteristic of gapless (Lorentz invari-
ant) fermions in the continuum can be conveniently tuned
using the filling fraction, ν = N/L, where N is the total
number of particles in the system. The latter element
is particularly important here, as it provides a quantita-
tive guide to address the role of such effects and, thus,
illustrates the regimes of applicability of our technique.
In Fig. 4a, we compare results obtained using the ES
from the exact ground state in the infinite size limit
L → ∞, and finite size results using the BW theorem.
Remarkably, even for system sizes as small as L′ = 4
(light blue), the first 4 eigenvalues are almost exactly
matching. Large deviations take place relatively quickly
after that. Going to L′ = 32, the errors become of order
0.1% until λ˜ ∼ 10−5. In Fig. 4b, we use L′ = 32, and
compare different filling fractions, ν = 1/4 and ν = 1/32.
Despite the overall good agreement, we note that the very
dilute case shows deviations of order of 10% already for
relatively large eigenvalues, α ∼ 5. We attribute this
discrepancy to the fact that, in this parameter regime,
deviations from Lorentz invariance are more severe, as
expected.
Entanglement Hamiltonians for fermionic systems in
two-dimensions. - Finally, we analyze the accuracy of
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FIG. 4. Entanglement Spectra of free fermions in 1D (a-b)
For free fermions models, we study the effect of finite partition
sizes in (a) with two PBC partitions of L′ = 4 (light blue) and
L′ = 32 (dark blue), with density ν = 1/2. In panel (b), we
show how the BW prediction becomes less accurate at lower
fillings. The light (dark) red line corresponds to ν = 1/4
(ν = 1/32). In both panels, α0 = 1.
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FIG. 5. Entanglement Spectra in 2D hopping models (a) and
topological insulators (b-c-d) (a) Free fermions in a hopping
models with a PBC partition of L′ = 36 sites and density
ν = 1/2 α0 = 64. The first dimensionless ratios obtained
using the BW theorem agree with the exact result. (b) ES for
the massive Dirac model and in the topological phase (with
m = −1), at unit filling, with square OBC partitions of L′ =
16 (light blue) and L′ = 100 (dark blue). Here, α0 = 1.
(c) Same as panel (b) for L′ = 100 where we represent the
dimensionless ratio versus the quantum number, revealing at
low energies the edge state spectrum. (d) Errors of the BW
theorem for the first 10 eigenvalues for different values of m
and as a function of partition size L′.
the BW scenarios for 2D systems. In two-dimensional
lattices, there is a need of adapting the Bisognano-
Wichmann theorem to finite geometries in two directions
(in the continuum and in presence of conformal symme-
try, the EH following BW can be obtained as in the
1D case21). For this purpose, we employ a conformal
mapping to derive the effective couplings of the EH for
a square subregion (see SM): since the form of the EH
stems from the properties of the light-cone coordinates,
this choice is supposed to work well in our scenario. We
remark that, for sufficiently large systems, it is still pos-
sible to use the original BW formulation, so the latter
5approximation should be mostly understood as an addi-
tional tool to further reduce experimental resources. We
start from free, spinless fermions, focusing on small par-
titions of size 6× 6 accessible within the implementation
discussed below. The corresponding results, shown in
Fig. 5a, illustrate how the first thousand eigenvalues are
all within 10% of the exact result. The error is of order
of 1% for the first 100 eigenvalues.
As a second example, we consider a 2D Dirac model35,
defined as
HMD =
∑
n
c†n
σz − iσx
2
cn+x + c
†
n
σz − iσy
2
cn+y + h.c.
+ m
∑
n
c†nσzcn, (8)
where, n = (nx,ny) denotes a 2D index, the cn operators
are spinfull fermions and σx,y,z are the 2×2 Pauli matri-
ces. In the following, we consider −2 < m < 0 for which
the lowest band has Chern number C = −1. In Fig. 5b,
we show that the low lying eigenvalues of the ES include
degeneracies, associated with the edge state dispersion
relation, that are perfectly resolved, in particular for a
large (square) partition size L′ = 100. Note here that
the BW prediction is directly related with the Li-Haldane
conjecture3,36: the ES reveals the edge excitations of the
model Hamiltonian, while containing information about
the bulk. In Fig. 5c, we plot the comparison between ES
as a function of the number of particles in the system
(∆n = 0 corresponds to unit filling): according to the
bulk-edge correspondence, the spectrum is characterised
by a linear dispersion relation, related to the spectrum
of the gapless edge modes. The BW result is extremely
accurate in reproducing quantitatively this feature, and
further, it reproduces well also low-lying excited states
in each ∆n sector.
In this example, the accuracy of the BW theorem de-
pends on the linearity of the edge state dispersion. This
is illustrated in Fig. 5d where we show the relative error
E of the BW prediction, averaged over the first lowest ten
ES values, and as a function of the number of sites L′ in
the partition A. For m = −1, the dispersion relation of
the edge states is approximately linear and the error E
remains very small, even for very small partitions sizes.
For m = −1.5, 0.5 the nonlinear character of the edge
state dispersion leads to slightly larger errors.
IMPLEMENTATION OF ENTANGLEMENT
HAMILTONIANS AND SPECTROSCOPY
From the perspective of quantum engineering of en-
tanglement Hamiltonians, the BW theorem guarantees
that no exotic interactions are present in the EH H˜A,
as the only difference with respect to H are inhomoge-
neous couplings. This implies that, if one is able to engi-
neer the system Hamiltonian with local control over cou-
plings, also the corresponding BW EH can be realised. In
particular, the AMO Quantum Simulation toolbox31,38,
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Spectroscopy of Interacting Quasiparticles in Trapped Ions
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The static and dynamic properties of many-body quantum systems are often well described by collective
excitations, known as quasiparticles. Engineered quantum systems offer the opportunity to study such
emergent phenomena in a precisely controlled and otherwise inaccessible way. We present a spectroscopic
technique to study artificial quantum matter and use it for characterizing quasiparticles in a many-body
system of trapped atomic ions. Our approach is to excite combinations of the system’s fundamental
quasiparticle eigenmodes, given by delocalized spin waves. By observing the dynamical response to
superpositions of such eigenmodes, we extract the system dispersion relation, magnetic order, and even
detect signatures of quasiparticle interactions. Our technique is not limited to trapped ions, and it is suitable
for verifying quantum simulators by tuning them into regimes where the collective excitations have a
simple form.
DOI: 10.1103/PhysRevLett.115.100501 PACS numbers: 03.67.Ac, 37.10.Ty, 37.10.Vz, 75.10.Pq
The level of experimental control over engineered many-
body quantum systems has been rapidly improving in
recent years. Atoms in optical lattices [1] and ions in
electrodynamic traps [2], for example, now offer unprec-
edented access to the states, dynamics, and observables of
interacting quantum systems. As these engineered systems
become larger and more complex, conventional tomo-
graphic methods [3] for characterizing their states and
processes soon become either inefficient or of limited
applicability [4]. New methods are required to verify what
has been built in the laboratory and to study the properties
of these fascinating systems.
In their low-energy sector, interacting many-body sys-
tems are often well described in terms of collective
excitations, with effective mass, dispersion relation, and
scattering properties. Such emergent excitations can be
understood as weakly interacting quasiparticles, which are
responsible for a range of dynamical properties of the
underlying system [5]. Recently, experiments in systems of
atoms and ions have demonstrated the central role that
quasiparticles play in the transport of information and
entanglement [6–8]. The ability to precisely measure the
properties of a system’s quasiparticles, therefore, becomes
a valuable tool for studying many-body quantum systems
in the laboratory.
Spectroscopy is an established approach to studying
natural quantum systems and their emergent phenomena,
with well-established techniques including, e.g., photo-
emission spectroscopy in electronic systems [9] and neu-
tron scattering in magnetic materials [10]. Currently, there
is important theoretical [11–15] and experimental [16–24]
progress
on developing spectroscopic techniques for engineered
quantum systems. In this Letter, we present a spectroscopic
technique for characterizing the low-lying energy spectrum
of an engineered quantum many-body system, and apply it
to study emergent quasiparticles in a system of trapped
atomic ions. Our approach exploits single-particle (-ion)
control to excite individual quasiparticle modes. Measuring
the system’s dynamical response to superpositions of
such single excitations allows the absolute quasiparticle
energies and system dispersion relation to be determined.
Furthermore, by probing the response to superpositions of
multi quasiparticle states we are able to resolve shifts in the
energy spectrum due to quasiparticle interactions.
An alternative spectroscopic approach has recently been
demonstrated [23], which looks for a spectral responsewhen
periodically driving the system. There, an advantage is that
very little information about the system is used. However,
spectrally resolving the energy gaps due to different eigen-
states (quasiparticles) demands long coherent probing times.
In comparison, our approach exploits some knowledge of
the state form available in certain parameter ranges (away
from quantum phase transitions) to immediately isolate and
precisely measure individual energy gaps. These different
approaches are therefore complimentary. In regimes near a
quantum phase transition, where eigenstates do not have a
simple form, our technique could be combined with a
proposed diabatic state preparation technique [15].
Our system is a 1D chain of 40Caþ ions in a linear ion
trap. In each ion j ¼ 1…N, two long-lived electronic states
represent a quantum spin-1=2 particle with associated
Pauli matrices σβj (β ¼ x; y; z). Under the influence of
laser-induced forces, the system is ideally described by a
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FIG. 5: Loading and imaging single atoms in a dipole trap.
(a) Atoms initially trapped in a MOT are loaded in a dipole
t ap formed by focusing a red-detuned laser beam with a
high numerical aperture aspheric lens (NA = 0.5) under vac-
uum [50]. The fluorescence of the atoms is separated from
the dipole trap light with a dichroic mirror and imaged on
an EMCCD camera. (b) Single-atom fluorescence signal with
two fluorescence levels, corresponding to one or zero atoms in
the trap.
such a small trap, the dynamics of the atoms is gov-
erned by fast inelastic light-assisted collisions (with rates
of ⇠ 104µm3s 1) induced by the near-resonant MOT
light [51], and is dominated by two-body losses [7, 52].
As a consequence, there exists a regime of densities of the
cold-atom cloud where the loading is sub-Poissonian and
at most one atom is trapped at a time. In this regime a
first atom of the cloud enters the tweezers and is slowed
down thanks to the cooling lasers. When a second atom
enters the tweezers, a two-body inelastic collision cat-
alyzed by the light results in the rapid loss of the two
atoms.
The configuration using a tight dipole trap presents
the advantage of being easily combined with an imag-
ing system with micrometer res lution, as represented in
Fig 5a. In his way, a real-time imaging sys em can be
used to record the fluorescence of the atoms when they
are illuminated with near-resonant laser light (Fig. 5b):
the fluorescence signal toggles at random between peri-
ods of low values corresponding to an empty trap, and
periods of high value reflecting the presence of an atom.
It is thus possible to determine exactly when an atom
has ente ed the trap and use this information to trigger
single-atom experiments with typically < 1 s duty cycle.
Table II gives typical parameters for an individual atom
trapped in an optical tweezers.
This method to prepare individual atoms is therefore
non-deterministic, with a filling probability of one tweez-
ers of p ⇠ 0.5. This makes its extension to large arrays
of tweezers (see Sec. IVB) di cult: the probability to
Quantity Typical value
Trap wavelength 852 nm
Trap power 4 mW
Trap beam waist (intensity, 1/e2) 1.1µm
Trap depth U/kB 1 mK
Longitudinal trap frequency !l 2⇡⇥ 15 kHz
Radial trap frequency !r 2⇡⇥ 90 kHz
MOT temperature 100µK
Single-atom temperature 30µK
TABLE II: Representative values for single- tom trapping in
the experiments at Institut d’Optique (Palaiseau) using 87Rb.
find a co figuration where N tweezers are filled at the
same time decreases like pN . This triggered investiga-
tions on how to improve the loading e ciency of opti-
cal tweezers. Two methods have been demonstrated so
far. The first one, proposed and demonstrated by the
Wisconsin group [16, 53], uses he Rydberg blockade in
a small atomic ensemble trapped in a tight dipole trap
and achieved a filling probability p ' 0.62. The second
method demonstrated in Otago [54–56] and at JILA [57]
relies on a tailoring of the light-assisted collisions in the
tweezers, and led to loading probabilities p ⇠ 0.90.
B. Arrays of microtraps
Once demonstrated the trapping of individual atoms
in a trap, the next step in view of (scalable) quantum
engineering applications is to create controlled arrays of
such traps, each of them containing an individual atom.
A first, natural approach consists in using optical lat-
tices, i.e. periodic optical dipole potentials obtained by
interfering several laser beams. One can use large-period
optical lattices (with a lattice spacing on the order of
a few microns, obtained by using interfering beams that
make a small angle with each other), and load in a sparse
way single atoms in the resulting array of microtraps [58].
Single-site imaging is relatively easy for such large-period
lattices, and coherent single-site manipulations of indi-
vidual atoms in such settings can also be achieved, even
in 3D settings [59]. Another approach consists in us-
ing usual, short-period (⇠ 500 nm) optical lattices, and
loading ultracold atoms in a single 2D plane. There,
single-site resolution requires the use of advanced high
numerical aperture objectives, realizing a so-called quan-
tum gas microscope [60, 61]. One of the assets of such
an approach, despite its high technical complexity, is the
possibility to use a Mott insulator to achieve single-atom
filling with probabilities in excess of 90% per site. Single-
atom addressing, using techniques developed in the con-
text of 3D optical lattices [62, 63], can also be achieved
in those settings [64]. A drawback of this latter approach
is that for a large variety of Rydberg experiments, small
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FIG. 6. Implementations of enta glement Hamiltonians. (a)
Realisation of the entanglement Hamiltonian of the Spin 1
Heisenberg chain with Rydberg dressing. Spin states are
encoded in a hyperfine ground state manifold (here F = 1
of Rubidium atoms) and inhomogeneous interactions are ob-
tained by off-resonant, spatially-dependent, laser excitations
to a Rydberg state37. (b) Implementation of the long-range
Ising models with trapped ions in a Paul trap. Inhomoge-
neous interactions are obtained by coupling electronic levels
using spatial dependent laser couplings to phonon modes. (c)
Realisation of free fermions Entanglement Hamiltonians via
laser-assisted tunnelling in optical lattices.
based on the trapping of atoms or ions and light-assisted
interactions, provides all the necessary ingredients to im-
plement the EH in state-of-the-art experimental setups,
thus all wing direct measurement of the corresponding
ES.
We show in Fig. 6 three illustrative examples of im-
plementations of the BW EH: the spin-1 XXZ model
with Rydberg atoms [panel (a)], the long range Ising
model with trapped ions [panel (b)] and a model of free
fermions with ultracold atoms [panel (c)]. Note that spa-
tially dependent interactions can also be realised using
optical tweezers arrays with non constant atomic separa-
tions (enabling for instance the realization of the EH of
the transverse Ising model with Rydberg atoms). In all
three cases, our implementations are based on the exist-
ing toolbox to realise spins and fermions models using
light-assisted interactions37,39–43. Inhomogeneous cou-
plings following the prescription of the BW theorem are
then realised based on spatially dependent laser inten-
sities. Additional details are presented in the SM. This
approach can be naturally adapted to implement the EH
within others quantum simulation platforms, such as po-
lar molecules44, magnetic atoms45, and solid-state setups
with NV centers46 or with superconducting quantum cir-
cuits47.
Once the EH has beed engineered, the corresponding
6entanglement spectrum ˜α can be measured using well es-
tablished techniques based on many-body spectroscopy.
An option, realised in a trapped ion setup48 consists in
preparing the ground state, or a excited state of the EH
via adiabatic state preparation and monitoring the re-
sponse of an observable 〈O(t)〉 to a weak perturbation
h(t) = h sin(νt), where h is a local operator. The reso-
lution ∆ν of the measurement is limited by the time of
duration tobs of the spectroscopy and the coherence time
of the system tcoh.
We applied this method to simulate the spectroscopy
of the spin-1 XXZ model, for the parameters presented
in Fig. 1e. The results are presented in panel (f) where
we represent the root mean square (over time) of an
observable 〈Sγ1 (t)〉 subject to a perturbation h = aSγ1
(γ = x, y), for as a function of the probe frequency ν.
Note that in this example, the fourth excited state is not
coupled to the ground state by h(t). This implies that
the spectroscopy has also to be performed from the first
excited state. In the SM, we present another method to
realise the ES spectroscopy based on the fast preparation
of a superposition state of the low lying EH eigenstates,
followed by Fourier analysis.
The spectroscopic method requires the initialisation of
the ground state of EH - the entanglement ground state.
Its adiabatic state preparation is equivalent to conven-
tional ground state problems in synthetic quantum sys-
tems. The main difference is that here the time scale for
state preparation is set by the smallest coupling in the
system J . Depending on the system size and geometry
of the bipartition, this is a factor of L′ smaller than the
largest coupling available. We note that this does not
depend at all on the dimensionality of the system, and
that PBC of the bipartition further help in decreasing the
ratio between largest and smallest coupling. Moreover,
since we are only interested in spectral properties and not
in ground state correlations, alternative to spectroscopy
on GS exists. Finally, we remark that the procedure we
employ is robust against finite temperature effects and
the presence of noise during the spectroscopy. These ef-
fects lead, as in conventional spectroscopy, to a broad-
ening of the eigenvalue peaks without affecting their po-
sitions. Note that the 1/L′ effect mentioned above is
also relevant regarding decoherence rates, which should
be compared to the smallest coupling J to assess the im-
portant of decoherence mechanisms. This is illustrated
in the case of 1D Ising model with dephasing in the Sup-
plementary material.
OUTLOOK
Our proposal can be realised in state of the art atomic,
optical and solid state experimental setups and immedi-
ately extended to investigate entanglement features be-
yond the ES: this includes the behaviour of correlations
in the entanglement ground state(s) at quantum criti-
cal points, and other key quantities such as relative en-
tropies24. At the theoretical level, our approach immedi-
ately motivates new connections, based on experimental
feasibility, to understand the structure of entanglement
spectra in many body systems. This include a deeper
understanding of bulk effects on the entanglement spec-
trum of both topological and critical theories, the role of
different geometries in determining the functional form
of the entanglement Hamiltonian within axiomatic field
theory, and the ability of the entanglement spectrum to
detect13 or miss49 quantum phase transitions. Finally, by
creating a new bridge between axiomatic quantum field
theory from one side, and synthetic quantum systems
from the other, the strategy we put forward immediately
motivates new field theoretical approaches to obtain the
entanglement Hamiltonian of quantum field theories be-
yond ground state physics, such as quantum quenches
and thermal states, which have very recently drawn at-
tention in low-dimensional systems23.
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Appendix A: Entanglement Hamiltonians in two
dimensions
In the case of two-dimensional models, for the sake of
experimental implementation, one has to deal with an
additional finite boundary effect not present in the one-
dimensional case (where the boundary is only one site
and the only correction stems from the finite size of the
partition). In particular, we have to consider the finite
size of the boundary, and the fact that, on the lattice,
the partition cannot have an exact spherical shape (in
the continuum, the EH for such case is known in the case
of conformal field theories, see e.g. Ref.21).
For two-dimensional models and for partitions placed
at the center of the system (c.f. for example Fig. 5 in the
main text), we cast the BW theorem in the form
H =
∑
n
Hn,x +Hn,y (A1)
H˜A =
L′2∑
n=1
d(xn + 1/2, yn)Hn,x + d(xn, yn + 1/2)Hn,y,
withHn,x (Hn,y) represent the interaction terms between
sites n and n + x (n + y). Here, xn, yn are the lattice
coordinates in units of the lattice spacing, defined with
respect to the center of the partition. The inhomogeneity
is written as d(x, y) = (R2 − r2(x, y))/(2R), with R =
L′/
√
pi and r(x, y) is the conformal distance from the
7center of partition to the lattice point (x, y), calculated
according to
r(x, y) =
√
x′2 + y′2 (A2)
x′ = Re(
1− i√
2
w)R (A3)
y′ = Im(
1− i√
2
w)R (A4)
w = cn(K
1 + i
2R
(x+ iy)−K, 1
2
), (A5)
with K ≈ 1.854 and cn a Jacobi elliptic function. This
choice is qualitatively justified by the fact that the con-
formal distance well approximates the linear relation be-
tween space and time for excitations generated by the
bipartition (even in the absence of conformal symmetry).
We remark that the full BW procedure can still be ap-
plied if one consider very large partitions, with Lx  Ly,
which essentially mimic the original half-plane geometry.
Appendix B: Details about the Implementation of
Entanglement Hamiltonian
Here, we provide additional details the AMO imple-
mentations of Entanglement Hamiltonians, as depicted
in Fig. 6 in the main text.
a. Rydberg atoms
In the first panel (a), we depict the implementa-
tion of the Entanglement Hamiltonian of a spin−1
XXZ model with Rydberg-dressed atoms, based on the
ideas developed in Ref.37. We consider a chain of
atoms n = 1, .., L′, in a Mott insulating phase and en-
code the states of the spin one model in a hyperfine
ground state manifold of, for instance, Rubidium atoms:
|−1, 0, 1〉 ≡ |5S1/2F = 1,mF = −1, 0, 1〉, with a mag-
netic field aligned in the direction of the atoms defin-
ing the quantization axis. Interactions between spins are
realized by Rydberg dressing51,52, which consists in excit-
ing off-resonantly the hyperfine states to Rydberg states,
which here belong to a P3/2 fine-structure manifold (with
very large first quantum number). In fourth-order per-
turbation theory in the small parameters Ωn/∆  1,
where Ωn are spatially dependent Rabi frequencies and
∆ is the laser detuning, one can obtain the Hamiltonian
of the form37
H =
∑
n<p
[
Jn,p(S
x
nS
x
p + S
y
nS
y
p ) + ∆n,pS
z
nS
z
p)
]
, (B1)
with Jn,p = Ω
2
nΩ
2
pf(rnp), and ∆n,p = Ω
2
nΩ
2
pg(rnp). The
functions f and g depend on the polarization and de-
tuning of the laser beams and on the Rydberg state
manifold (atom, first quantum number), and can be in
particular parametrized to obtain in good approxima-
tion nearest-neighbor interactions: f(rnp) = δp,n+1f ,
g(rnp) = δp,n+1g, leading to Jn,p = δp,n+1fΩ
2
nΩ
2
n+1,
∆n,p = δp,n+1gΩ
2
nΩ
2
n+1 Finally, these couplings can be
made inhomogeneous in order to realize the EH follow-
ing the prescription of the BW theorem by using spatially
dependent Rabi Frequencies Ωn.
b. Trapped ions
As shown in Fig. 6(b), the same approach applies to
realize Entanglement Hamiltonians of long-range Ising
models with trapped ions. For each ion n = 1, .., L′,
the two levels representing a pseudo spin 1/2 particle are
encoded in two long-lived electronic states, with transi-
tion frequency ω0 . The spins are coupled to the trans-
verse modes m = 1, .., 2L′ of the ion chain with frequen-
cies νm using bichromatic laser beams with frequencies
ω = ω0 ± ∆, Rabi frequencies Ωn and in the Lamb-
Dicke regime with the Lamb-Dicke factors ηn,m  131.
In the weak-coupling limit, ηn,mΩn  ∆. we obtain
in the second-order perturbation theory a coupling be-
tween spins in the form of an Ising interaction H =
Jnpσ
x
nσ
x
p
40,41 with
Jnp = −
∑
m
ΩnΩpηn,mηp,mνm
∆2 − ν2m
. (B2)
For homogenous laser beams, Ωn = Ω, the interaction
matrix can be approximated by a power law Jnp = J/|n−
p|η, where η can be tuned between 0 and 331, allowing
to realize the Hamiltonian of the dipolar Ising model.
The corresponding EH can be then implemented using
spatially dependent Rabi frequencies [c.f Fig. 6(b)] for
the Ising terms. Finally, a magnetic field gradient can be
used to implement the longitudinal field.
c. Ultracold fermions
As a last illustration, we show how to engineer the
Entanglement Hamiltonian of free fermion models, with
ultracold atoms hopping in a optical lattice via laser-
assisted tunnelling42,43. In Fig. 6(c), we represent the
setup we have in mind with fermionic atoms with can be
either in a ground state level |g〉 or a long-lived clock state
|e〉. The atoms can move in a two-dimensional square
lattice of lattice period a, where they occupy the state
|g〉 on the sites n = (xn, yn) with xn + yn even, and the
states |e〉 on the other sites [cf Fig. 6(c)]. This can be
achieved with laser beams forming a checkerboard optical
lattice and where atoms in the state |g〉 (respectively |e〉)
are trapped in a laser intensity minimum (maximum).
Hoppings between sites accommodating different
states are obtained by laser-assisted tunneling, which
consists in coupling resonantly via a laser-beam the two
levels |e〉 and |g〉. Considering only nearest neighbor in-
8teractions, we obtain the free-fermion Hamiltonian42,43
H =
∑
n
tn,xc
†
ncn+x + tn,yc
†
ncn+y + h.c (B3)
with tn,m =
∫
Ω(r)ωn(r)ωn+m(r)dr, where ωn denotes
the Wannier function at site n. As in the previous ex-
amples, the spatial control of the Rabi frequencies Ω(r),
which we consider here real for simplicity, allows to im-
plement the EH according to the BW theorem.
Appendix C: Ising models with power-law
interactions
In the main text, we represent the ES of the quantum
Ising model with dipolar interactions. Here we present
the case of the power law exponent is η = 1.5, which
can also be realized in trapped ions setups31. We re-
mark that, for η > 1, interactions are effectively short-
ranged, while in the opposite regime, we do not expect
the BW theorem to hold due to true long-range correla-
tions (which affect the dispersion relation of excitations
in a drastic manner).
The BW prediction agrees well with the exact result,
and in particular, we find excellent quantitative agree-
ment in the antiferromagnetic phase and in the vicinity
of the critical point - see Fig. 7. Deep in the paramag-
netic phase, we observe sizeable deviations: we attribute
the latter to two features of the model. First, finite size
effects are expected to be considerably larger here with
respect to the η = 3 case, where the ES was well cap-
tured also in the paramagnetic phase. Second, power-law
interactions, while keeping locality at an effective level,
introduce also non-universal features, such as additional
power-law corrections to correlation functions. The latter
might not be well captured within BW, and can thus lead
to quantitative deviations when comparing the spectra.
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FIG. 7. Entanglement Spectra of Ising chains with power-law
exponent η = 1.5. We consider an OBC partition of L′ = 20
sites. In panel (a), we show the entanglement spectrum for
∆ = 0.42J , close to the critical point. In panel (b), we repre-
sent the entanglement gap (aka Schmidt gap), renormalized
with respect to the second excited state, as a function of the
transverse field ∆. The transition to the antiferromagnetic
phase is shown by the closure of the entanglement gap.
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FIG. 8. Entanglement Spectra of Ising chains with NN inter-
actions and corresponding diabatic spectroscopy. We consider
an OBC partition of L′ = 6 sites. In panel (a), we show the
entanglement spectrum for ∆ = 0.42J , close to the critical
point. In panel (b), we represent the entanglement gap (aka
Schmidt gap), renormalized with respect to the second excited
state, as a function of the transverse field ∆. In panels (c)
and (d), we show the corresponding diabatic spectroscopy as
a function of the transverse field ∆. The color plot represents
the normalized spectrum of the observable 〈σz1(t)〉 and the
solid lines correspond to the eigenvalues of the EH following
the BW theorem. We considered c = 10, Jtf = 2, Jtobs = 40
for dephasing rates γ = 0 [panel (c)] and γ = 0.05J [panel
(d)].
Appendix D: Diabatic spectroscopy and decoherence
effects
In this section, we present a method to realize the
spectroscopy of the Entanglement Hamiltonian, which
is an alternative to the linear response approach. This
method is referred as diabatic spectroscopy where, in-
stead of preparing the ground state of the EH, we excite
a superposition of low-lying excited states53. The beating
between the corresponding energies will reveal the ES.
The Hamiltonian we have in mind is written as
H(t) = H˜A + f(t)h+ g(t)h′, (D1)
with f(t) = c cos2( pit2tf ), g(t) = c sin(
pit
tf
), c 1 and tf is
the time of the preparation. The Hamiltonian H˜A is the
Entanglement Hamiltonian we are interested in, h is a
Hamiltonian whose ground state can be prepared experi-
mentally and h′ is an additional term which can be useful
to connect eigenstates with different symmetries (see be-
low). In the following, we will consider the example of
the Ising model with nearest neighbor interactions:
H˜A = J
L′−1∑
n=1
nσxnσ
x
n+1 + ∆
L′∑
n=1
(n− 1
2
)σzn, (D2)
and
h = J
∑
n
σzn h
′ = J
∑
n
σxn. (D3)
9Here, h′ breaks the parity symmetry in order to excite
the first excited state of H˜A.
At time t = 0, H(t) ≈ h and we initialize the system
in the ground state of h, which is here |G〉 = |↓ .. ↓〉. We
perform then a fast ”diabatic” ramp following H(t) with
Jtf ∼ 1 resulting in a superposition of low-lowing excited
state. The second part of the protocol consists in mon-
itoring the dynamics of some observables 〈O(t)〉 during
a time tobs. The ES is then visible in the corresponding
spectrum S(ω).
In Fig. 8, we show the results of the diabatic spec-
troscopy. In the absence of decoherence mechanisms,
very clear peaks, with widths limited by the observation
time tobs, emerge, revealing the Entanglement Spectrum.
In presence of dephasing, the width becomes also limited
by the corresponding rate γ (see panel (d)). The ES is ac-
cessible by diabatic spectroscopy provided γ  J (Note
that J is the smallest coupling required to create the ES
and J(L′ − 1) the largest.)
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